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INTRODUCTION 
The ea r th's g r av it y field G * at a point P in the 
r egi o n su rr ounding t he earth's su r face i s defined _s the 
fo r ce a cti ng on a uni t mass concentrated at P. This is a 
fo r ce r esulting f r om two components: 
_.J> (1) G1 due to the 
~ 
gr avitational r.tt r action of the earth's mass, and (2) G2 
due to the ea rt h's r ota t ion . 
As a r esult of Newto n's law of gravitation, G1 can 
be wr i t ten in integ r al fo r m as follows: 
( 1, 
- ~ r 
whe r e r = PQ, r = Jrl, Q is a poin t wh i c h ranges over the 
region V bounded by t he earth's surface , k is the gravi-
tati o nal constant , dm = f dv, and e is the density at Q. 
Th e d ensi t y func t ion ,~, is not known , and so equation 
_.. 
( 1) is not suitable fo r the dete r mination of G1 . However , 
it c an be s ho wn tha t t he e a rt h's g r avity field i s con-
se r va tiv e , a n d t h e r ef ore, th e re exis t s a s c alar function 
-U s uch t ha t G i s de ter mine d by t he g r adient of U; that is 
..JI. 
G = -VU (2) 
*v e ctor s wi ll be i nd ic a t ed th ro ughout by p: ~cing an 
ar r ow ab ove t he le t te r . 
The fun ctio n U is c alled the total poten ti al and can be 
writte n as the sum of two functions, U1 and u2 , whe r e u1 
__., 
is th e potent i al corr espond i ng to G1 , and u2 is that 
__,. 
asso c iated wi th G2 . 
An important p roperty of th e functi on u1 is that it 
sa ti sfies Lapla c e's differential equati o n, that is 
2 
(3) 
Va r i ou s mathematical expressi o ns have been deter-
mined which represent the gr avity field of the earth with 
va r ying degrees of ac c uracy. The main probl em in obtai n-
ing these r esults is that of solving Lapla ce' s eq uati on 
with app ro pri ate bounda r y conditions to determi ne u1 . The 
boundary con diti o ns i nvolve the shape of the su rfac e of 
the earth. By ass uming the earth's su r face to be ellip-
soidal ilnd using spherical coordinate s , a re asonab ly 
accurate solution in infi nite series fo r m can be found. 
Based o n the fi r st few terms of th is series and on certain 
a cc epte d measurem e n t s re la te d to the s ize and shape of the 
earth's su r face , the Internatio nal Gr avi ty For mula is 
obtained: 
(G{ = g • g 0 (l f 0.0 052884 sin 2e-
0.000005 9 sin 220) 
whe re e is the g eogr aphi cal la tit ude and g 0 represents 
the measured a cc e leration of g r av ity a t the equ a tor. 
( 4) 
STATEMENT OF PROBLEM AND PROCEDURE 
The surface of the earth will be assumed to be an 
oblate spheroid (ellipse revolved about its minor axis) , 
and, therefore, it is natural to search for a solution in 
terms of oblate spheroidal coordinates. Laplace ' s differ-
ential equation will be expressed in spheroidal coordinates 
and a solution for U1 will be found by the method of sepa-
ration of variables, and U1 will be required to have con-
tinuous second order derivatives and vanish at infinity. 
The total potential, U = u1 t u2 , expressed in sphe roi dal 
coordinates, will then be determined such that it is 
constant on the earth's surface. This will result in a 
solution in closed form. Then VU will yield an expression 
_:,, 
for Gin non-infinite series form. 
As a check, IGl as found above, will be compared with 
that given by the Internation al Gravity For mula . 
SOLUTION OF PROBLEM 
Transformation From Rectangular to Spheroidal Coordinates 
Let a point, P, have rectangular coordinates (x,y,z), 
and let r1 and r 2 be the distances from (c,o,o) to 
(x,o,z) and from (-c,o,o) to (x,o,z) respectively, where 
c>0 . Define u and v as follows : 
rl t r2 u~l 
u 
- 2c (5) 
rl - r2 
V • -~~ 
2c 
The curves, u = constant, ya 0, represent a family of 
confocal ellipses in the xz-plane, and the curves, v = 
constant, y • 0, a family of confocal hyperbolas in the 
xz-plane. Now let the above system of confocal ellipses 
and hyperbolas in the xz-plane be rotated about the z 
axis, and let f be the angle of rotation about this axis 
measured from the positive X-axis. The coordinates, u,v, 
(p thus defined are called oblate spheroidal coordinates 
and form an orthogonal system. The surfaces u = constant 
are oblate spheroids; the surfaces v = constant are 
hyperboloids of one sheet; the surfaces ~ = constant are 
planes through the origin. 
5 
It can be shown that the transformation from oblate 
spheroidal coordin ates to rectangular coordinates is given 
by the following equations: 
x • cuv sin <P, 
y = cuv cos fl), 
(6) 
where u2 1, -l~v§l, o &: '1' <::... l 11 
Laplace's differential equation in oblate spheroidal 
coordinates becomes 
v 2u1 
1 c> h2h3 ~Ul 0 h1h3 ~u 1 
= <~au> t dV <~av> h1hzh3 ou 
3 h1h2 au1 
t di (¾ oqr ) = 0 ( 7) 
where h2 = 
c? u2 -v2. 
h2 ~ u2-v2 h3 u2 -1 ' = = cuv. 1 2 l-v 2 ' 
Substituting the expressions for h 1 , h2 , an d h3 in 
equation (7), and noting that the po tenti al u 1 i s assu~ed 
to be independent of (() because of the axial symmet r y of 
the spheroid, the result is 
~~)= 0 (8) 
where u1 = u 1 (u,v). 
Fo r purposes of simplification, it i s desirable to 
make the following transfo r mation of variable s: 
u = cosh x , x ~ O 
v - sin y , - .!I ~y~ 171 2 - - ( 9) 
6 
With this change in variables equation (8) becomes 
;fx (cash x sin y ~U!) + ~ ( cash x sin yo;~) 
= 0 (10) 
Solutions of equation (10) will be required to have con-
tinuous second order derivatives and vanish at infinity. 
Solution of Laplace's Equation in Spheroidal Coordinates 
Using the method of separation of variables a solution 
of equation (10) will be sought. Assume a solution of the 
form 
U1 • F(x) H(y). (11) 
Substitute this in equation (10), and the result is 
1 d ( cosh x dF) = - 1 Y -:r.::yd (sin y F cosh X ax dx H sin UV dH) (12) ay 
In order for equation (12) to hold, both members must be 
equal to the same constant. This results in 
1 d ( ~ ) 
=F_c_o-sh..--x-ax \cosh X ux = 
1 
H sin y -J(sin y ~)= c. (13) 
One of the equations from the system (13) is 
~ ( sin y ~ ) t CH sin y = 0 (14) 
7 
This is Legen dre's differential equation and it can have 
a non-zero solution with continuous first order derivatives 
in the interval -l~x~ only if* 
C = n(nfl) n = 0,1,2,3, ... (15) 
Equation (14) can now be written 
~ (sin y i ) t n(n+l) H sin y - O (16) 
Solutions of equation (16) a re 
H(y) = B1Pn(co s y) + B2 Qn(cos y), (17) 
where Pn is a Legendre polynomial, Qn is a Legendre 
function of the second kind, and B1 and B2 are arbitrary 
const an ts. Since Legendre functions of the second kind 
become infinite for x • + 1, the constant 82 is taken to 
be zero. 
The other equation from ( 13) is 
~ (cosh x :)-n(n+l) F cosh x "" 0 
This is also Legendre's differential equa tion and the 
general solution is 
F(x) = C1Pn(i sinh x) + C2Qn(i sinh x). 
(18) 
(19) 
It will appear later that for points outside the earth's 
surface sinh x>l. Since IP n ( i sinh xi becomes large with 
large x, and Qn(i sinh x) approaches zero, c1 will 
*Churchil l , Ruel V. Fourier Series and Boundary 
Value Problems. New Yor k: McGraw- Hill Pufilishing Co., 
1941: p. 186. 
8 
be set equal to zero. From equation (11) , (17), and (19) 
the desired solution of equation (10) is 
u1 = A Qn(i sinh x) P n(cos y) , 
where A is an arbitrary constant. 
Consider a solution of the following type, 
oe 
U1 -2: An Qn(i sinh x) Pn(cos y) , 
n•O 
where the A0 's are constants to be determined by the 
boundary condition. 
Determi nati on of .!!_a 
( 20) 
(21) 
To obtain the potential U2, due to the earth's 
rotation, we note that for any body attached to the earth, 
the rotation produces an a cceleration perpendicul a r to the 
axis of rot a tion. If Isl is the perpendicular dist ::mce from 
-" the axis of rotation to the body and w is the angular 
rot at ion al velocity of the earth , we write 
Integrating equation (22) gives 
(23) 
Using equations (6) and (9) the ab ove expression may be 
written in spheroidal coordinates, 
U2 = 1 w2 c 2 cosh 2 x sin 2 y. 
:z 
(24) 
Application of Boundary Condition to Determine U 
Adding equations (21) and (24) gives an expression 
for the total potential of the earth, 
Oo 
U -L. An Qn(i sinh x) Pn (cosy) 
n=o 
Expression (25) will be m~de to satisfy the boundary 
condition that the spheroid representing the surface of 
the earth is an equipotential surface; that is 
9 
lim U = K, 
X_,.Xo 
(26) 
where~ is the value of x on the earth's surface and K 
is a constant. Thus we have 
IX) 
K = L An Qn( i sinh x 0 P n(cos y) t n•O 
The following pr opertie s of Legendre polynomials 
will be useful in determining th e constants An: 
Tr f Pn(cos y) Pm( co s y) d(cos y) = o 
0 
(27) 
if n / m, and (28) 
" f fr n (cos y ~ 2 d(cos y) • 2 n~l n•O, 1 , 2, · · · 
0 
n 
SPn(cos y) d(cos y) = 
0 
1T 
n -= 1,2,3, ... 
n = 0 
fin2y 
0 n = 1,3,4,5, ... 
Pn(cos y) d(cos y) = 
413 n = 0 
(29) 
4 n = 2 
T5 
Multiplying both sides of equation (27) by Pn(cos y) d(cos y) 
and integrating, and making use of equation (28) gives 
" 
K (Pn(cos y) d(cos y) = - 2- AnQn(i sinh x 0 ) ),., 2n+l 
o rr 
f 1/2 w2c 2cosh 2x 0 J.sin 2 y Pn(cos y) d(cos y) . (30) 
Substituting the results from equations (29) in 
(30) and solving for the constants An yields, 
(31) 
An= 0 1 
for n ={2m 
2m .f. 2 
m = 1,2,3, ... 
Substitution of the values for An given in equation (31) 
into equation (25) gives 
u = Q0 (i sinh x) Po (cosy} 
+ w2c 2cosh2x 0 
3Q-.2 ( i s inh xo) ~(i sinh x) P2 (cos y) 
Exp re ssi ons for Q0 , Q-2, P 0 , P2 in t erms of th e 
ori g in al va ri a bles u and v are as follows: 
P0 (cosy) = 1 
11 
(32) 
( 33 ) 
P2 (co sy )= 1/2 ( 2 - 3 s i n2 y ) = 1/2 (2 -3v2) (34) 
Q0 (i sinh x) = Q0 (i Ju
2
-l) = ---=--1-===-
i J u 2 -l 
1 + 1 
Us ing equa tions ( 33 ), (34), a nd ( 36) in ( 32) the 
va r iables u and v a r e reintroduce d and the result is 
U( u~v ) 
(3 5) 
( 36) 
t w2c 2 ua 2 ( 2-3v2) [ (1-3 /2 u2 )QQ(i ru2- l )-3 /2 i / u2- 1] 
6 [ ( l-3/2u 0 2 }Q 0 (iJ u 0 2-l) - 3/2 (i/u 0 2-1i} 
(3 7 ) 
..... 
The vecto r field G ca n now be found by ta king the 
gr ad ient of U(u,v). 
12 
This will be accomplished by using the follo wing 
formula which giv e s the gradient in spheroidal coordinates: 
~ -where iu and iv are unit vectors at the point P normal 
to the surfaces u • constant and v - constant, re spectively, 
which pass through the point P. Therefore, the gradient 
-G .. 
+ {w2 c2u 0 2 v [ ( 3/2 u 2 -l) Q0 ( i -~ ) 
(3 /2 u 0 2 -l )Q 0 (i / u 0 2-l) t 
t 3 /2 1J u2-i] 
3/2 1 J u 0
2
-1 
( 39) 
sin c e it follows from equation (35) that, 
1 
iu~ 
(40) 
In order to determine the constant K, let u = u
0 
and v = 1. These a re the coordinates of a point on the 
ea rt h 's equa t o r . At the equato r/G/ = /G
0
} • g
0
• 
The magni tude of equ a tion (39) then bec omes 
- w2c2uo } 
So lu tion of e qu at ion (41) for K gives , 
13 
(41) 
6 [ (3 / 2 u 0 2 -l) Q0 ( i / u 0 2 -1) + 3/ 2 i / u 0 
2
-1 J 
t w2c 2u 0} Q0 ( i J u 0 2-l ) iu 0 ./ u 0 2 -1 t l/3w 2c 2u 0 2 ( 42) 
Upon s ub s titution of equation ( 42) into equation ( 39) the 
re sul t is 
14 
(43) 
This is an expression for the earth's gravity field at 
any point outside the earth's surface, where the point is 
assumed to be rotating with the earth. 
Gravity Field on the Earth's Surface 
An expression for the gravity field on the earth's 
surface can be obtained by setting u = u 0 in equation (43). 
The result after some simplification is 
[
3u 0
2 Q0 (i / u 0 2 -l) t l-3u ~i/ur=i 
• 2 [ (3/2 u 0 2 -l) Q0 (i J u 0 2 -l) + 3/2 
The constants u0 , c, and w will be assigned values as 
follows:* 
uo • 12 .1963282 
C = 522.97608714 X 105 cm. 
w = 7.292115147 X 10- 5 sec- 1 . 
Using these values we have 
= - 8. 49442. 
Upon substitution of this value in equation (44), the 
result is 
15 
G Ji0 22_1- rg + 8. 49442 (l-v2) li u, 
Uo -v2 r O J (45) 
where g 0 = 978.049 cm. sec~ 2 • 
This is a mathematical expression for the earth's gravity 
field at any point on the earth's surface. The magnitude 
of equation (45) which gives the magnitude of the 
* Landsberg , H. E., Ed. 
York: Academic Press, 1958. 
Advances in Geophysics. 
p. 103. 
New 
16 
acceleration of gravity on the earth's surface is 
(46) 
COMPARISON OF SOLITTIONS 
In order to compare the expressions for the magnitude 
of the earth's gravity field as obtained in this paper with 
that as given by the International Gravity Formula, a trans-
formation will be made in equation (46) giving the variabl e 
v in terms of geocentric latitude. Then the geographic 
latitude in the International Gravity Formula will be 
transformed to ter ms of geocentric latitude. Finally, the 
results will be compared. 
It can be shown from equations (6) and 
I 
R cos 0 • cuv 
where R is the distance f rom the center of the earth to a 
p oint on the earth's surface whose geocentric latitude is 
I 
e ' th a t 
(u 0 2 -l ) cos 2 e, ' 
v2. ---------
u 2 -cos2 e, ' 0 
Substituting equation (47} in equation (46) gives 
1 
+ sin 2 e I 
u 2 1 0 -g = ------------
(2uo 2-l) sin2 e ' 
1 f (u 0 2-1)2 
1/2 
g + 0 
(47} 
Upon 
8.49442 
expanding equation (48) the result is 
g _ go f 1 f [g0 + 17 . 17684 u 0 2 
2go(uo2-l) 
3(2u 0 2 -1) 2 
t 8(uo2-1)4 
8.49442 u 0
2 (2u 0 2 -l) 
2go(uo2-1)3 
S(u:2-1)2] 
• sin 4 e ' t } . 
18 
(48) 
(49) 
After evaluating the coefficients, equation (49) becomes 
g = go [ 1 f 0 . 0053369 sin 2 e ' 
-0.0000485sin 4 e ' t ... ] (50) 
Expressing the International Gravity Formula in terms of 
geocentric latitude* the result is 
g • go [ l + 0 . 0053357 sin 2 e ' 
- 0 . 0000415 si n4 e' f ... ] (51) 
*Heiskanen , W. A. , and F . A. Vening Meinesz . The 
Earth and its Gr avity Field . New Yor k: McGr aw- HilY--
Publisniiig --CO., 1958. p. 49. 
SUMMARY 
The expression obtained in this paper for the earth's 
gravity field at any point assumed to be rotating with the 
earth is given by equation (43) an d with the const an ts 
evalua ted becomes 
G = [ 14s.250 ( g 0 + 5.09261 ) 
u / u 2-l 
- 93407. 3(2-3v 2 ) ( i3uQ 0 ( i J u 2 -1) f l-3u 2 ) 
u J u2 -1 
2J~-- 0.278092uv u -1 i u2-v2 u 
where u and v a re sphe roid al coordinates of the point 
-at which G is to be evaluated and 
g 0 • 978 .0 49 cm. sec- 2 
Q0 is a Legend r e function of the second kind of order 
zero. 
For a point on the earth's surface, the expression for 
the gravi t y field as g iven in equation (45) is 
(53) 
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